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Abstract 

Recently, a solution theory for one-dimensional stochastic PDEs of Burgers type 
driven by space-time white noise was developed. In particular, it was shown 
that natural numerical approximations of these equations converge and that their 
convergence rate in the uniform topology (in probability) is arbitrarily close to 
In the present article we improve this result in the case of additive noise by 
proving that the optimal rate of convergence is arbitrarily close to 2. 

1 Introduction 

The goal of this article is to study numerical approximations of stochastic PDEs of 
Burgers type on the circle T = M/(27rZ) given by 

du = + F{u) + G{u)dxu] dt + adW{t) , u{0) = . (1.1) 

Here, u : M+ x T x D —)■ M"’, where (D, J”, P) is a probability space, A = 
is the Laplace operator on the circle T, the derivative dx is understood in the 
sense of distributions, the function F : M” ^ M” is of class C^, the function 
G : M” —is of class C°°, and i/, cr G R+ are positive constants. Finally, W 
is an L^-cylindrical Wiener process IIDPZ02L i.e. equation (11.11) is driven by space- 
time white noise. The product appearing in the term G{u)dxU is matrix-vector 
multiplication. 

The difficulty in dealing with (11.11) comes from the nonlinearity G{u)dxU and 
is caused by the low space-time regularity of the driving noise. Indeed, it is well- 
known that the pairing 

X 3 {v, u) 1-3 V dxU 

is well defined if and only if a + /3 > 1 (see Appendix and BBCDllll ). On 
fhe ofher hand, one expecfs solufions fo (11.11) fo have fhe spafial regularify of fhe 
solution of (he linearised equation 


dX{t) = vAXdt + adW{t) . 


( 1 . 2 ) 
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For any fixed time f > 0, the solution to the stochastic heat equation (11.21) has 
almost surely Holder regularity a <1 , but is not ^-Holder continuous (see IIWal861 
IDPZ02[rHai09ll i. This implies in particular that the product G(X)dxX is not well- 
defined in this case, and it is not a priori clear how to define a solution to the 
equation (ll.ll) . 

In the case G = 0 this problem does of course not occur. Equations of this 
type and their numerical approximations were well studied and the results can be 
found in | Gyo98b[ Gyo99[ . Moreover, it was shown in HDGOlll that the optimal 
rate of uniform convergence in this case is ^ — k, for every k > 0 , as the spatial 
discretisation tends to zero. 

For non-zero G, the difficulty can be easily overcome in the gradient case, i.e. 
when G = VQ for some smooth function ^ : M” —)• M”. In this case, postulating 
the chain rule, the nonlinear term can be rewritten as 


G {u{t, x)) dxu{t, x) = dxQ {u{t, x )), (1.3) 


which is a well-defined distribution as soon as u is continuous. The existence and 
uniqueness results in the gradient case can be found in | Gyo98a[IDPDT94l . In the 
article IIAG06II . the finite difference scheme was studied for the case G{u) = u, and 
L^-convergence was shown with rate 7 , for every 7 < ^. The same rate of conver¬ 
gence was obtained in IIBJ13II in the L°° topology for Galerkin approximations. 

For a general sufficiently smooth function G, a notion of solution was given in 
BHail II . The key idea of the approach was to test the nonlinearity with a smooth 
test function 99 and to formally rewrite it as 

/ TT ATT 

(p{x)G {u{t,x)) dxu{t,x)dx = / (p{x)G {u{t,x)) dxu{t,x) . (1.4) 

-TT J —TT 


As it was stated above, we expect u to behave locally like the solution to the lin¬ 
earised equation (11.21) . It was shown in BHail II that the latter can be viewed in 
a canonical way as a process with values in a space of rough paths. This cor¬ 
rectly suggests that the theory of controlled rough paths BGub041 IGublOB could be 
used to deal with the integral (11.41) in the pathwise sense. The quantity (11.41) is 
uniquely defined up to a choice of the iterated integral which represents the inte¬ 
gral of u with respect to itself. This implies that for different choices of the iterated 
integral we obtain different solutions, which is similar to the choice between ltd 
and Stratonovich stochastic integrals in the theory of SDEs. In the present situa¬ 
tion however, there is a unique choice for the iterated integral which respects the 
symmetry of the linearised equation under the substitution x —x, and this corre¬ 
sponds to the “Stratonovich solution”. This natural choice is also the one for which 
the chain rule (11.31) holds in the particular case when G is a gradient. 

Using the rough path approach, numerical approximations to (11.11) in the gradi¬ 
ent case without using the chain rule were studied in BHM12B . It was shown that 
the corresponding approximate solutions converge in suitable Sobolev spaces to a 
limit which solves ( 11 . 11 ) with an additional correction term, which can be computed 
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explicitly. This term is an analogue to the Ito-Stratonovich correction term in the 
classical theory of SDEs. 

In IIHW13II . the solution theory was extended to Burgers-type equations with 
multiplicative noise (i.e. when the multiplier of the noise term is a nonlinear local 
function 6{u) of the solution). Analysis of numerical schemes approximating the 
equation in the multiplicative case was performed in IIHMW14II . where the appear¬ 
ance of a correction term was observed and the rate of convergence in the uniform 
topology was shown to be of order ^ — k, for every k > 0 . 

In this article, we prove that in the case of additive noise the rate of convergence 
in the supremum norm is ^ — k, for every k > 0. Actually, it turns out to be 
technically advantageous to consider convergence in Holder spaces with Holder 
exponent very close to zero. The main difference to IIHMW14II is that we cannot 
use the classical theory of controlled rough paths which applies only in the Holder 
spaces of regularity from (|, ^], to approximate the rough integral (11.41) . To show 
the convergence in the Holder spaces of lower regularity, we use the results from 
BGublOH . which generalize the theory of controlled rough paths for functions of 
any positive regularity. 

1.1 Assumptions and statement of the main result 

As before we assume that F € and G € C°° in (11.11) . For e > 0 we consider the 
approximate stochastic PDFs on the circle T given by 


dUe = [vA^Ue + F{Ue) + GiUe)D^Ue]dt + aH^dW , UeiO) = U^. (1.5) 


Here, the operators A^, and Tfg are defined as Fourier multipliers providing 
approximations of A, Oa; and the identity operator respectively, and are given by 

A^u(k) = —k‘^m{ek)u{k) , D^uik) = ikg(ek)u{k) , H^Wik) = h{ek)W{k) . 

Below we provide the assumptions on the functions m, g and h. We start with the 
assumptions on m. 

Assumption 1. The function m : M —)■ (0, oo] is even, satisfies /(O) = 1, is 
continuously differentiable on the interval {—5,5] for some (5 > 0, and there exists 
Cm £ ( 0 , 1 ) such that m > Cm- 

Furthermore, the functions bt given by bfix) := exp (—x^m(a;)f) are uniformly 
bounded int>0 in the bounded variation norm, i.e. sup^^Q | 6 r|BV < oo. 

Our next assumption concerns g, which defines the approximation to the spatial 
derivative. 

Assumption 2. There exists a signed Borel measure gonM. such that e^^^g{dx) = 
ikgfk), and such that 


/i(]R) = 0 , < oo , 



Moreover, the measure /i has all finite moments, i.e. Jg |x|^|/r|(dx) < oo, for any 
integer k > 1. 
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In particular, the approximate derivative can be expressed as 


(D^u) (x) 


1 

e 


u{x + ey)ii{dy) , 


where we identify rt : T —)• M with its periodic extension to all M. Our last assump¬ 
tion is on the function h, which defines the approximation of noise. 

Assumption 3. The function h is even, bounded, and such that h? jm and h/{m+V) 
are of bounded variation. Furthermore, h is twice differentiable at the origin with 
/i(0) = 1 and h'{{)) = 0. 

The difference with the assumptions in IIHMW14II is that we require in As¬ 
sumption |2] all the moments of the measure /r to be finite and in Assumption [3] the 
function h/{m + 1) io be of bounded variation. We use the latter assumption in 
Lemma |4~T] in order to use the bounds on lifted rough paths obtained in IIFGGR13II . 
All the examples of approximations provided in IIHM12II (including finite differ¬ 
ence schemes) still satisfy our assumptions. 

Let u be the solution to the modified equafion (11.11) . 

du = -I- F{u) + G{u)dxh\ dt + adW , u(0) = , (1.6) 

where, for i = 1 ,..., n, fhe modified reacfion ferm is given by 


Fi :=Fi-A divGi . 


Here, we denote by Gi the fth row of the matrix-valued function G, and the correc¬ 
tion constant is defined by 


A := 



cos(yf))/i^(f) 


gL{dy)dt . 


If follows from fhe assumptions fhaf A is well-defined. In facf, fhe Assumption |3] 
says fhaf \h?/m\ is bounded, and by fhe Assumption |2] the measure /r has a finite 
second moment, what yields the existence of A. 

As we do not assume boundedness of the functions F and G, and their deriva¬ 
tives, the solution can blow up in finite time. To overcome this difficulty we con¬ 
sider solutions only up to some stopping times. More precisely, for any AT > 0 we 
define fhe stopping times 


:= inf{t > 0 : ||u(f)||co > AT} , 


where || • H^o is the supremum norm. The blow-up time of u is then defined as 
T* := lim/f|oo in probabilify. 

Our main fheorem gives fhe convergence rafe of fhe solutions of fhe approxi- 
mafe equations (11.51) to fhe solufion of fhe modified equafion (11.61) . 
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Theorem 1.1. Let for every rj £ (0, the initial values satisfy 

llc'i < oo , sup E||u£||c »7 < oo . 

0<e<l 

Then, there exists ao > 0 such that if for some a G (0, aoJ some constant 
(7 > 0 independent of e, one has 

E||u° -u°||c« < , 

then there exists a family of stopping times satisfying liniej^oTe = t* in proba¬ 
bility such that 


limP sup \\u{t) 
£-10 Ue[0,re] 


Ueit)\\co > £2 “ 


= 0 . 


Remark 1.2. The rate of convergence obtained in IIHMW14II was “almost” g, in 
the sense that it is g — k for any k > 0. To improve this result we consider conver¬ 
gence of the solutions in the Holder spaces of the regularities close to zero. This 
approach creates difficulties when working with the rough integrals (11.41) . In fact, 
the bounds on the rough integrals, in particular in BHMW 141 Lemma 5.3], hold only 
in the Holder spaces with a G ( 5 , 5 ) and the norms explode as a approaches 

To have reasonable bounds in the Holder spaces of lower regularity, we have to 
include into the definition of the rough integrals the iterated integrals of the control¬ 
ling process X of higher order. In IIHMW 1411 it was enough to consider only the 
iterated integrals of order two. In particular, the smaller a is in Theorem o the 
more iterated integrals we have to consider to define the rough integral (11.41) (see 
Section |2]for more details). 

If the function G is only of class for some p > 3, we can consider the iterated 
integrals of X only up to the order p— 1 (see Subsection l4.1l) . As a consequence, the 
argument in the proof of Theorem 1 1.1 1 gives the rate of convergence only “almost” 
^ — i. This is precisely the rate of convergence obtained in BHMW 1411 . where p 
was taken to be 3. 

Remark 1.3. If the functions F and G are bounded together will all of their deriva¬ 
tives, the solution u is global, i.e. r* = -|-oo a.s., see BHailll Thm 3.6]. In this 
case, the argument of the proof of Theorem 11.11 shows that one can take for exam¬ 
ple Te = T a.s. for any fixed time T > 0. Since it is straightforward in this case to 
obtain uniform bounds (on finite time intervals) on the pth moment of the solution 
for every p, uniformly over e G (0,1], this implies strong L?’-convergence of the 
approximate solutions on every bounded time interval. In general, we do expect 
to have r* < 00 , which of course precludes any form of L'p convergence without 
cutoffs. 

Remark 1.4. By changing the time variable and the functions in (11.11) by a constant 
multiplier, we can obtain an equivalent equation with v = 1. Moreover, we can 
assume cr = 1. In what follows we only consider these values of the constants. 
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1.2 Structure of the article 

In Section|2]we review the theories of rough paths and controlled rough paths. Sec¬ 
tion [3] is devoted to the results obtained in IIHaillll . In particular, here we provide 
a notion of solution and the existence and uniqueness results for the Burgers type 
equations with additive noise. In Section |4] we define the rough integrals and for¬ 
mulate the mild solution to the approximate equation (11.51) in a way appropriate for 
working in the Holder spaces of low regularity. The proof of Theorem 11.11 is pro¬ 
vided in Section!^ The following sections give bounds on the corresponding terms 
in the equations (11.61) and (11.51) : in Sections|5]and[6]we consider the reaction terms 
and Section|7]is devoted to the terms involving the rough integrals. In Appendix lAl 
we prove a Kolmogorov-like criterion for distribution-valued processes. Appendix 
iBl provides regularity properties of the heat semigroup and its approximate coun¬ 
terpart on the Holder spaces. 


1.3 Spaces, norms and notation 

Throughout this article, we denote by the space of continuous functions on the 
circle T endowed with the supremum norm. 

For functions X : M —)• M" (or and i? : —)• M”' (or such that 

R vanishes on the diagonal, we define respectively Holder seminorms with a given 
parameter a € ( 0 , 1 ): 


A 


X(x) - X{y)\ 

x^y \x-yr 


non \Rix,y)\ 

PIU :=sup--- 

\x - y\°‘ 


By and 13“ respectively we denote the spaces of functions for which these semi¬ 
norms are finite. Then (3“ endowed with the norm || • ||c“ = II ' llc^ + II ' lU ^ 
Banach space. is a Banach space endowed with || • Wqc = || • ||q,. 

The Holder space C“ of regularity a > 1 consists of [aj times continuously 
differentiable functions whose [aJ -th derivative is (a — [aJ )-H 6 lder continuous. 
For a < 0 we denote by C“ the Besov space ^ (see Appendix for the 
definition). 

We also define space-time Holder norms, i.e. for some T > 0 and functions 
X : [0, T] X T — )• M"' (or and R : [0, T] x — )• M"" (or any a G M 

and any /3 > 0 we define 


ll^l|c“ := sup ||X(s)||c« , \\R\\jgP ■■= sup ||i?(s)||B /3 . (1.7) 

SG[0,T] X sG[0,r] 

We denote by and respectively the spaces of functions/distributions for 
which the norms (11.71) are finite. Furthermore, in order to deal with functions X 
exhibiting a blow-up with rate t] > 0 near f = 0 , we define the norm 


ll^llc“j, := sup s^||X(s)||c- . 

sG(0,T] 

Similarly to above, we denote by the space of functions/distributions for which 
this norm is finite. 
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By II • lie- we denote the operator norm of a linear map acting from the 
space C" to When we write x < y, we mean that there is a constant C, 

independent of the relevant quantities, such that x < Cy. 
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2 Elements of rough path theory 

In this section we provide an overview of rough path theory and controlled rough 
paths. Eor more information on rough paths theory we refer to the original article 
| Eyo98[ and to the monographs [LQ02[lLCE071IFV101IEH14ll . 

One of the aims of rough paths theory is to provide a consistent and robust way 
of defining the integral 

Y{r)®dX{r), (2.1) 

for processes Y,X G with any Holder exponent a € (Oj |]- If a > then 
the integral can be defined in Young’s sense IIYou36ll as the limit of Riemann sums. 
If a < however, the Riemann sums may diverge (or fail to converge to a limit 
independent of the partition) and the integral cannot be defined in this way. Given 
X G with a G (O, ^], the theory of (controlled) rough paths allows to define 
(12.11) in a consistent way for a certain class of integrands Y. To this end however, 
one has to consider not only the processes X and Y, but suitable additional “higher 
order” information. 

We fix 0 < a < I and p = [1/aJ to be the largest integer such that pa < 1. 
We then define the p-step truncated tensor algebra 

p 

;= 0(M^)®'= , 
k=0 

whose basis elements can be labelled by words of length not exceeding p (including 
the empty word), based on the alphabet A = n}. We denote this set of 

words by Ap. Then the correspondence Ap —)> T^\W^) is given by u; i-A with 
Gw = ® ... ( 8 ) e^j,, for ru = wi.. .Wk and 60 = 1 G (M"')®° « M, where 

{^i}i€A is the canonical basis of 

There is an operation LU, called shuffle product IIReu93ll . defined on the free al¬ 
gebra generated by A. Eor any two words the shuffle product gives all the possible 
ways of interleaving them in the ways that preserve the original order of the letters. 
Eor example, if a, b and c are letters from A, then one has the identity 

06 LU ac = abac + 2aabc + 2aacb + acab . 
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We also define both the shuffle and the concatenation product of two elements from 
i.e. for any two words w,w £ Ap we define 

t-LI •— ^'wiuw 1 ® •— ^ww ? 

if the sums of the lengths of the two words do not exceed p and e^u LU (8) 

= 0 otherwise. This is extended to all of T^\W^) by linearity. With these 
notations at hand, we give the following definition: 

Definition 2.1. A geometric rough path of regularity a £ (O, is a map X : 
—>■ where as above p = [1/aJ, such that 

1 . {X{s,t),ew LU Cijj) = {X{s,t),ew)(X{s,t),ew), for any w,w £ Ap with 
|u;| + |u;| < p, 

2. X(s, t) = X(s, u) (g) X(u, t), for any s,u,t £ M, 

3. ||(X, eiu)||gc|u,| < oo, for any word m G .Ap of length |t(;|. 

If we define X^{t) := (X(0, t), e,) for any i £ A, then the components of 
X(s, t) of higher order should be thought of as defining the iterated integrals 

(X(s, t), e^) =: r ... r dX^Ari) ■ ■ ■ dX^ArA , (2-2) 

J s J s 

for w = wi... Wk £ Ap. Of course, the integrals on the right hand side of (12.21) 
are not defined, as mentioned at the start of this section. Hence, for a given rough 
path X, then the left hand side of (12.21) is the definition of the right hand side. 

The conditions in Definition 12.11 ensure that the quantities (12.21) behave like 
iterated integrals. In particular, if is a smooth function and we define X by (12.21) 
in Young’s sense, then X satisfies the conditions of Definition 12.11 as was shown in 
IIChe54l . In particular, if t = e* and y = Cj, for any two letters i,j £ A, then the 
first property gives 


(X(s, t), Ci (g) Cj) + (X(s, t), Cj (g) Ci) = X\s, t)XAs, t) , 

where we write t) := X^{t) — Y*(s)- This is the usual integration by parts 
formula. The second condition of Definition 12. 1 [ provides the additivity property of 
the integral over consecutive intervals. 

Given an a-regular rough path X, we define the following quantity 
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2.1 Controlled rough paths 

The theory of controlled rough paths was introduced in IIGub04ll for geometric 
rough paths of Holder regularity from (i, i]. In HGublOL the theory was gener¬ 
alised to rough paths of arbitrary positive regularity. 

Definition 2.2. Given a G (0, ^], p = [1/aJ, a geometric rough path X of regu¬ 
larity a, and a function y : M —)• (the dual of the truncated tensor 

algebra), we say that Y is controlled by X if, for every word w G Ap-i, one has 
the bound 

\{Y{t),e^) - {Y{s),X{s,t) ® e^)| < C\t - , 


for some constant C > 0. 


An alternative statement of Definition 12.21 is that for every word w G Ap-i 
there exists a function Ry G such that 

{Y{t),ew)= ^ {Y{s),ew ® e^){X{s,t),ew) + RyisR) . (2.4) 

ujG |,(j| _i 

Given an a-regular geometric rough path X, we then endow the space of all con¬ 
trolled paths y with the semi-norm 


^ ll(^) e^)l|c“ + ^ ||-Ry||g(p-|u,|)a . 

w£Ap-l w£Ap-2 

Given a rough path Y controlled by X, one can define the integral (12.11) by 


-f Y{r)dX'‘{r) := lim Ei{u,v) 

Js 


(2.5) 


[u,v]€'P 


where we denoted X*(0 := (X(0, t), Cj) for z G .A, and 

Ei{u,v):= ^ (y(u),e^)(X('u,u),e^ (g) Cj) . (2.6) 

w£Ap-i 

Here, the limit is taken over a sequence of partitions V of the interval [s, f], whose 
diameters \V\ tend to 0. It was proved in HGublOl Theorem 8.5] that the rough 
integral (12.51) is well defined, i.e. the limit in (12.51) exists and is independent of the 
choice of partitions V. 

If every coordinate Y^ of the process Y is controlled by X, then we denote the 
rough integral of Y with respect to X by 

y(r) (8) dX{r)\ := I Y^r) dX\r) . 

/ ij J s 

We use the symbol for the rough integral in (12.51) . in order to remind the 
abuse of notation, since the integral depends not only on X* and YR but on much 
more information contained in X and Y. In the following proposition we provide 
several bounds on the rough integrals. 
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Proposition 2.3. Let Y be controlled by a geometric rough path X of regularity 
a G (O, ^]. Then there is a constant C, independent ofY and'K, such that 


£ 


Y (r) (g) dX{r) — H(s, t) 


Is 


Y{r) (g) dX{r) 


<c|||x||U||y||c||f-5r'^+'\ 

(2.7) 

< c|||x||U||y||c|. 

(2.8) 


Moreover, ifY is controlled by another rough path X of regularity a, then there 
is a constant C, independent ofX, X, Y and Y, such that 


-h Y{r) ® dX{r) — + Y{r)®dX{r) 

J S J S 


< 


IIIX - XIII 


M 

"‘'X II ii'^x 


+ C(|||X||| 


+ ll|x||U) ||y,F| 


x,x 


(2.9) 


where we have used the quantity 

w£Ap-l w£Ap-2 

Proof The bounds follow from BGublOl Theorem 8.5, Proposition 6.1]. □ 


Remark 2.4. The notation |||X — X|||q, is a slight abuse of notation since X — X is 
not a rough path in general. The definition (12.31) does however make perfect sense 
for the difference. 

In fact, the aiticle HGublOII gives more precise bounds on the rough integrals 
than those provided in Proposition 12.31 but we prefer to have them in this form for 
the sake of conciseness. 


3 Definition and well-posedness of the solution 


Let us now give a short discussion of what we mean by “solutions” to (11.11) . as 
introduced in HHaillL The idea is to find a process X such fhaf u = rt — X is of 
class (in space), so fhaf fhe definifion of fhe infegral (11.41) boils down fo defining 
fhe infegral 



ip{x)G {u{t, x)) 


dxX{t,x) . 


If we have a canonical way of liffing X fo a rough pafh X, fhis infegral can be 
inferprefed in fhe sense of rough pafhs. 

A nafural choice for X is fhe solution fo fhe linear sfochasfic heaf equation. In 
order fo gef nice properties for fhis process, we build if in a slighfly differenf way 
from BHaillL Firsf, we define fhe sfafionary solufion fo fhe modified SPDE on fhe 
circle T, 


dY = AYdt + UdW 


( 3 . 1 ) 
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where IT denotes the orthogonal projection in onto the space of functions with 
zero mean. In particular, if we extend the cylindrical Brownian motion W to whole 
M in time, then 


Y{t) 


f 


Sts TldW{s) , 


where S is the heat semigroup defined below. Second, we define for all (f, x) € 
M+ X T fhe process 


X{t, x) := Y{t, x) + 




w\t) , 


(3.2) 


where if fhe zerofh Fourier mode of W, i.e. is a Brownian mofion. 

Remark 3.1. We need fo use If in (13.11) in order fo obfain a sfafionary solufion. In 
Mail II . fhe aufhor used insfead fhe sfafionary solufion fo dX = AXdt — Xdt + 
dW as a reference pafh. Our choice of X was used in IHMW14I and does nof 
change fhe resulfs of Mail II . 

The following lemma shows fhaf fhere is a nafural way fo exfend fo a rough 
pafh. 

Lemma 3.2. For every ^ < a < ^, the stochastic process X can be canonically 
lifted to a process X : M x —)• such that for every fixed f G M, the 

process X(f) is a geometric a-rough path. 


The ferm “canonically” means fhaf for a large class of nafural approximafions 
of fhe process X by smoofh Gaussian processes X^, fhe iferafed infegrals of X^, 
defined by (12.21) . converge in fo fhe corresponding elemenfs of X (see IFVIOI 
for a precise definition and fhe proof). Denofe by St = fhe heaf semigroup, 
which is given by convolution on fhe circle wifh fhe heaf kernel 


Ptix) 


^ SX -tk'^ ikx 


(33) 


Assuming fhaf fhe rough pafh-valued process X is given, we fhen define solutions 
fo (11.11) as follows: 


Definition 3.3. Selling U{t) := St (rt(0) — Ar(0)), a stochastic process u is a mild 
solution to fhe equation (11.11) if (he process v{t) := u{t) — X{t) — U{t) belongs to 
C}p for some T > 0 and (he identify 


v{t, x) = f Sts {F{u{s)) + G{u{s))dx{v{s) + U{s))) (x) ds 
Jo 


+ f StsdxZ(s){x) ds . 
Jo 


(3.4) 


holds for all (f, x) G [0, T] xT. Here, we wrife for brevify u{t) = v{t)+X(t)+U(t), 
and (he process Z{s,x) is a. rough infegral 


i 


= f Giu{s,y))dyXis,y) 


Z{s, x) : 


(3.5) 
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whose derivative we consider in the sense of distributions. 

Remark 3.4. In BHaillH . the last integral in (13.41) was defined by 

Pt-s{x - y)G{u{s, y)) dyX{s, y) ds , 

but as noticed in IIHMW14L the notion of solution in Definition [33] is more conve¬ 
nient, as it simplifies freafmenf of fhe rough infegral. This change does nof affecf 
fhe exisfence and uniqueness resulfs of BHaillL and fhe resulting solufions are fhe 
same. 

For our convenience we rewrife fhe mild formulafion of (11.61) as 

m) = F3f) + G\t) + Z\t) - H3f) , (3.6) 

where we have sef 

f St-sFiuis))ds , := A / Sts divGiiuis)) ds , 

Jo Jo 

G\t):= [ StsG{m)dAm + U{s))ds , (3.7) 

Jo 

Z\t):= [ StsdccZis)ds= [ d^iStsZis)) ds , 

Jo Jo 

and as before u = v + X + U, U{t) = St{u^ — X(0)) and 
Zit, x) := -/ G{u{t, y)) dyX{t, y) . 

J —77 

Alfhough fhe fwo terms and are of the same type, we give them different 
names since they will arise in completely different ways from the approximation. 

3.1 Existence and uniqueness results 

The next theorem provides the well-posedness result for a mild solution to the 
equation (11.11) . 

Theorem 3.5. Let us assume that G for some ^ < /? < ^. Furthermore, let 
F ^ and G G C^. Then for almost every realisation of the driving noise, there 
is T > 0 such that there exists a unique mild solution to (11.11) on the interval [0, T] 
taking values in C([0, T],C^(T)). If moreover, F, G and all their derivatives are 
bounded, then the solution is global (i.e. T = oo). 

Proof The proof can be done by performing a classical Picard iteration for v given 
by (13.41) on the space C\- for some T < 1, see IIHaillll . □ 

Remark 3.6. The argument of IIHailll Theorem 3.7] also works in the space 

for any a G [0, ^). Hence, the real regularity of v{t) is 1 -|- a rather than 1. This 
fact will be used in Section [5] to estimate how close the approximate derivative of 
V is to dxV. 
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4 Solutions of the approximate equations 

In this section we rewrite the mild solution to the approximate equation (11.51) in a 
way convenient for working in Holder spaces of low regularity. In paiticular, we 
define the iterated integrals of higher order of the controlling process. 

Similarly to (13.11) and (13.21) we define fhe sfafionary process and by 

dYs = AeYi;dt + UHedW , X^it, x) := Y^it, x) + , (4.1) 

V 27r 


where is fhe zerofh Fourier mode of W. Moreover, we define fhe approximafe 
semigroup generafed by fhe approximafe Laplacian and given by con- 

volufion on fhe circle T wifh fhe approximafe heaf kernel 


p^\x) 



^ ^ ^—tk^m{ek)^ikx 
k& 


(4.2) 


Furfhermore, we define C4(f) := ('We(O) — ^^^(O)) and v^- := rtg — — U^. 

Then fhe mild version of fhe approximafe equation (11.51) can be rewriffen as 

Veit) = F^^it) + Gfit) + f Sl^2,GiUeis))DeXeis) ds , (4.3) 

Jo 

where we wrife for brevify Ue = Ve + Xe + Ue, and sef 


K^it) : = 
G2it) : = 



Sl2sFiUeis)) ds , 

Sl2sGiUeis))De iVeis) + Ueis)) ds . 


(4.4) 


As already menfioned in Section |2j fhe rough infegrals are approximated by Riemann- 
like sums, buf fhese include additional higher-order correcfion ferms. Hence, we 
cannof expecf in general fhaf Z{s, x), defined in (13.51) . is approximafed by 



GiUeis,y))DeXeis,y) dy , 


(4.5) 


as e 4, 0. In order fo approximafe Z(s,x), we have fo add some exfra ferms fo 
(14.51) . These exfra ferms give raise fo fhe correcfion ferm in fhe limifing equation, 
menfioned in fhe infroducfion. In fhe resf of fhis section we build fhese missing 
exfra ferms. 


4.1 Iterated integrals 

In order fo use fhe fheory of rough pafhs wifh regularifies close fo zero, we need fo 
build fhe iferafed integrals of arbifrarily high orders of X and Xe wifh respecf fo 
themselves. 
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Solutions of the approximate equations 


The expansion of defined in (14.11) in the Fourier basis is given by 


=^=Wo{t) + 


1 


J— f 

fcez\{o} 


drUfeCs) 

(4.6) 


ruoCf) + 'y ^ sm{kx) + cos(/cx)^ . 

k=i 


Here, Wk are C”-valued standai'd Brownian motions (i.e. the real and imaginary 
parts of every component are independent real-valued Brownian motions so that 
E|r(;|.(f)p = t), which are independent up to the constraint Wk = W-k ensuring 
that Xg is real-valued. Furthermore, for every fixed f > 0, independent 

M”-valued standard Gaussian random vectors such that 


E 

(e) 




(£)/ 


_ —k^m{ek)t 


= e 


Id 


and the coefficients ^ are defined by 


(£) h{ek) 
% = 


y/m{ek) 


for /c > 1 


(4.7) 


Similarly, fhe Fourier expansion of fhe process X is 


1 1 1 

X{t, x) = —=wo(t) -h ^ Y] - (T/k(t) sin(kx) + rj_k(t) cos(kx)), (4.8) 
V 27r ,/-Tr ^ h 


TT ' k 
k=l 


where r]k{t) are independenf M”-valued sfandard Gaussian random vecfors such 


fhaf 

E [rjkiO) (g) rjkit)] = e"^^‘ld . 


Furthermore, fhe random vectors {(dlf^f)) dfc(^)) : A; G Z \ {0}} are independenf 
and safisfy 


E 


r]''^\t) (g) mit) 


y/m{£k) 
m{£k) + 1 


Id=: 




The following lemma provides bounds on fhe canonical liffs of X{t) and X^{t) 
fo Gaussian rough pafhs. 


Lemma 4.1. For any a G (0, |) and p = [1/aJ, there are canonical lifts 
X,Xe : M+ X —)• T^P^M"’) of the processes X and respectively, which 
are continuous functions in the time variable such that, for every t > 0, X(f) and 
^eit) are Gaussian rough paths of regularity a. Furthermore, for any X < ^ — a 
and any T > 0 the following bounds hold 


E||X||c-<l, E||X-X,||c- <e\ (4.9) 

Moreover, for any word w G Ap with |u)| > 2 we have 

E||X“'||^^h. < 1 , E||X- - , (4.10) 

where we use the notation X"' = (X, e^u). 
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Proof. The proof of (14.91) is provided in HHMW 141 Lemma 3.3]. We only have to 
show that there exist the claimed lifts which satisfy the estimates (14.101) . To this 
end, we define, for some k > 0 , the following sequences 

Q(e,K) ^ h{£kf (£,«;) ^ hjek) 

^ k'^m{ek) ’ k^{m{ek) + 1) ’ 

where k > 1. First, for the increments of we have 

< l(9Si)'l K* + !)■" - ^”1 

for some constant C > 0, where is defined in (14.71) . To gef fhe last inequality 
we have used the bounds on the functions m and h, provided in Assumptions [T]and 
[3l and the estimate 

[(471)" - <4*Vi < ck-', 

which follows from the bound on the total variation of the function hf /m, provided 
by Assumption |3l Second, the convergence log A; —)• 0 holds as /c —)• (X). 

Using these properties of we obtain from IITel731 Theorem 4] that the 
series Ylk=i cos kx converge in as —)• oo, and the L^-norm of the limit 
is independent of e, which proves that for any k > 0 the parametrized sequence 
is uniformly negligible in e £ (0,1) in the sense of IIFGGR131 Definition 

3.6]. 

Similarly, using the bound on the total variation of /i/(m + 1), which is stated 
in Assumption [31 we can obtain that for any k > 0 the sequence is uniformly 
negligible in e £ ( 0 , 1 ) as well. 

Noticing that the coefficients of the Fourier expansions (14.61) and (14.81) satisfy 


we can apply IIFGGR131 Theorem 3.16] and obtain that for every t and a < ^ the 
processes X{t) and X^it) can indeed be lifted to a-regular rough paths X(f) and 
respectively, such that for any q > 1 and for any word w £ Ap with Iml > 2 
the bounds 

< 1 , E||X-(f)||«|^|, < 1 (4.11) 

hold uniformly in f £ [0, T]. Furthermore, by IIFGGR131 Theorem 3.15] we obtain 
that for all 7 < \ — a, any q > I and any k > 0 small enough, 

/ \ (7+k)<? 

E||X"'(t)-X^(f)||«l^l^ < supE|X(f,x)-X,(f,a:)|2 < (4.12) 

\a;GT / 




{e,K) 


k2-H 


(e) -(e) 

% Ak 


(e.K) 

Pk 

^2 —K 
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uniformly in f e [0,T]. The last bound can be shown almost identically to 
IIHMW141 (3.16d)], but taking 0=1 and the time interval from —oo. 

Now we will investigate the temporal regularity of Our aim is to apply 

IIFGGR131 Theorem 3.15] to the processes X^(s) and with s,t £ [0, T], To 

this end, let us define r = \t—s\ and the parametrized sequence = e~^ rn(ek)T^ 
Then, in the same way as in the beginning of the proof and using Assumptions [T] 
and[3j we obtain that for any k > 0 the sequence uniformly negligible 

in T > 0 and £ G (0,1) and by IIFGGR131 Theorem 3.15] we obtain, for any word 

> 2 , 


w 


G Ap with |r(;| 


E||X-(f)-X-(.)||^l 


< 


w\oc rs_/ 


supE|X£(s,x) - Xe(f,x)p 


79 


^1 1 
7 \t-s\ 2 


(4.13) 


for all 7 < ^ — a and q > 1. Here, the last bound can be derived similarly to 
IIHMW141 (3.16a)], but with 9 = 1 and the time interval from —oo. In the same 
way, we get 

E||X-(f)-X-(s)||«|„|^<|f-s|^. (4.14) 

Applying the Kolmogorov criterion IIKal02ll together with the bounds (14.111) and 
(14.141) . we get the first estimate in (14.101) . 

Now, let us take any word w G Ap with |r(;| >2. Then, on the one hand, the 
estimate (14.121) gives for every q > I, 


E||X-(f) - X-(t) - X-(s) + X-(.)||^,|^| 

< E||X-(t) - X-(t)||«^|^| +E||X-(.) - X-(.)||«^|„| < . 

On the other hand, from (14.141) and (14.131) the following estimate follows 


E||X-(f) - X^{t) - X^{s) + X-(s)||^„|„| 

< E||X-(f) - X-(s)||^„|^| + E||X-(f) - X-(s)||^„|„| <\t-s\^ . 

Combining these two bunds we obtain 

for any <5 > 0 small enough and uniformly in G [0,T]. From this bound, 
estimate (14.121) and the Kolmogorov criterion IIKal02ll we obtain the second bound 

indUni). □ 


4.2 Approximation of the rough integral 

Now, having defined fhe iferafed infegrals of X^, we can build an approximafion of 
fhe process Z defined in (13.51) . 
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The idea comes from the fact that if u{t) is controlled by X(f), then the process 
is controlled by X(f) as well. The Taylor expansion gives an approximation 
for Gij{u{t)), 


Gijiuit, y)) Ri Gijiuit, x)) + ^ CwD^Gij{u{t, x)) {uit, y) - uit, x))^ . 

iuGAp-i\0 

Here, Cw are combinatorial factors which can be calculated explicitly. Further¬ 
more, we use the following notation: for w = wi ■ ■ ■ G Ap-i and /c > 1 we 
denote and tt(t, x)w = x) ■ ■ ■ Uw^{t, x). 

Recalling that we will look for solutions such that u{t) — X(f) e we obtain 
an approximation of Gij{u{t)) via X(f), 

k 

Gijiuit, y)) Ki Gijiuit, x)) + ^ Gijiuit, x)) JJ(X(t; x, y), e^,). 

«)GAp-i\{0} l=i 

W=Wi...W]z 

Symmetrising this expression and using Definition 12.11 this can be rewritten as 

Gijiuit,y))^ ^ Gy,D'^Gijiuit,x)){Xit-,x,y),eu,) , (4.15) 

weAp-i 

for some slightly different constants G^- This expansion motivates our choice of 
the terms in the approximation of the rough integral. 

In view of Assumption |2j it is natural to define the process : M+ x T — 

TfP\W^) in the following way: for any word w G Ap we set 

{DeXeit-,y),ey,) ■■=- {Xsit;y,y + £z),e^,)^J,idz) . (4.16) 

^ Jr 

Combining the expansion (14.151) with the definition (12.61) . it appears plausible that 
a good approximation of Z is given by 

Zsit,x)i-.= G^p f D^GijiUeit,y))iDeXeit-,y),ew®ej)dy. (4.17) 

w£Ap-i 

Here, to simplify the notation we have omitted the sum over j. 

Now we can rewrite the mild solution (14.31) as 

Veit) = Yl^it) + Gfit) + ZlAt) - nfit) - U^eAt) , (4.18) 

where the functions F"® and G^® are defined in (14.41) . The ferm involving the rough 
integral is denoted by 



Sfl^dxZeis) ds 



Zeis)) ds . 


KAt) : 


(4.19) 
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Solutions of the approximate equations 


The additional terms in (14.181) which we used to approximate the rough integral we 
denote by 




keA ‘ 


:= 


C'w; / ' 
rr . Jo 


w€Ap-i 

kl >2 


g(e)^ ( D^GijiUeis, •))(£>£Xe(s; •), ey,j )) (x) ds 


In the next sections we will show that the term tends to 0 and the other 
terms in (14.181) converge to the corresponding terms in (13.61) in the space (3^. 

4.3 A priori estimates on the terms 

In what follows we use the constant a* = ^ — a, for some fixed small a > 0. This 
constant represents the real spatial regularity of the process X defined in (13.21) . To 
obfain beffer bounds we will work in fhe spaces of regularity a, which is close fo 
0. The consfanfs a and a* are used fhroughouf fhe arficle as fixed values. 

To shorfen nofafions we define fhe norm 


|||X||U,,T := sup |||X(t)||U, . (4.21) 

te[o,T] 

See (12.31) for fhe definition of fhe norm of a rough pafh. For any K > 0 we define 
fhe slopping lime 


(Tk '■= infif > 0 : ||X|U“* > K, or |||X||L ^ > iT, or ||u|Li+a* > K, 

‘ ’ cn,/2,t 

or ||u||ci > K, or 


Nofe lhal in view of Remark iTfil fhe condition on fhe norm 
For any fwo lellers i,j G .A we define fhe process 


u|Li+q* is reasonable. 

a*/2,t 






where 5 is fhe Kronecker della. To have a priori bounds on fhe corresponding 
e-quanlifies we inlroduce fhe slopping lime 


aK,e ■= inf{f > 0 ; ||X - > 1, or |||X - > 1, 

or \\'He\\^_i+^ > 1, or ||i; - Ue||cf > 1, or 11^ “ > 1} • 

The blow-up of fhe norm \\v{t) — U£(t)||ci comes from fhe regularization properly 
of fhe heal semigroup and fhe facl lhal we work in fhe a-regular spaces, i.e. we use 
fhe bound 

\mt)\\ci<t^ (iiix°ib + iix(o)iic«). 
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See Appendix |B]for the properties of the heat semigroup. Finally, for T > 0 whose 
value will be chosen in the proof of Theorem 11.11 we define the stopping time 
QK,e '■= A aK,e A T and write in what follows 

:=t A QK,e ■ (4.22) 

Remark 4.2. In the article we always consider time intervals up to the stopping time 
QK,e- Therefore, all the quantities involved in the definition of QK,e are bounded by 
K + \ and all the proportionality constants can depend on K. 

Before providing a proof of Theorem 11.11 we establish in the following three 
sections certain bounds on the terms of (13.61) and (14.181) . 


5 Estimates on the reaction term 


In this section we prove convergence of the reaction terms of the approximate equa¬ 
tion (14.181) to the corresponding terms of (13.61) . Let us recall the notation (14.221) and 
Remark 1431 which says that all the quantities involved in the definition of the stop¬ 
ping time QK,e are bounded on the interval (0, by the constant K + 1 and all the 
proportionality constants below can depend on K. 

The next proposition gives a bound on the terms and defined in (13.71) 
and (14.41) respectively. 


Proposition 5.1. For any 7 £ (0, 1], f > 0 and k > 0 small enough the following 
bound holds 


l + Q —7 
2 


IlG’^Cte) - < te ^ \^\\v - Uellc^ + ||u - 

+ 11^ “ “ '“eIIc" + e' 

II " te " ^ " 

Proof. For any t > 0, using the notation (14.221) . we can rewrite 


(5.1) 


= [ St^-sGiu{s)){dxvis) - Di;v{s)) ds 
Jo 

+ [ St^-sG{u{s)){dxU{s) - DeU{s))ds 
Jo 

+ [ St^-sG{u{s)){DsV{s) - DsVeis)) ds 
Jo 

+ [ St^-sG{u{s)){DeU{s) - DeUe{s)) ds 


+ [ St,-s{G{u{s)) - G{Ue{s)))De {Ve{s) + Ue{s)) ds 
Jo 

+ [ {St,-s - Slf_fiG{Ue{s))Ds (Veis) + Ueis)) ds =: 
Jo 


E Ji- 

i<i<6 
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Estimates on the reaction term 


To bound the term Ji, we first investigate how good the operator approxi¬ 
mates dx- Let us take a function cp £ C^+“*(T). Then by the Assumption |2l we 
can rewrite 

{Ds - dx) (fix) = - I {ip{x + sy) - ip{x) - dx‘p{x)ey) y{dy) . 

£ Jr 

Using the fact, that the Holder regularity of (/9 is 1 + a*, we obtain 
\<p{x + ey) - ip{x) - dx<p{x)£y\ < ||</5||ci+“* • 

This yields the estimate 

||(Z),-5,)</p||co , (5.2) 

where we have used the boundedness of the (1 + Q:*)th moment of //. 

Using this estimate we derive 

ll^illc-^ < [ ||S't,-^||co^c^||G'(ii(s))||co||^xi^(s) - .D£i^(s)||cocfs 
Jo 


/ (U-s) 2 ||n(s)||ci+c«* ds < 


1 - 


7+Q=* 


(5.3) 


where we have used boundedness of 11 til Uo and ||i;|Li+c«* . 

To derive a bound on J 2 , we notice that 

\\U{s)\\ci+<.. < 3-^2 (||u0||c«* + ||X(0)||c<^.) , 

which follows from Lemma iBTl Hence, using the estimate (15.21) for U, we obtain 

\\J2\\c'r < [ \\St^-s\\co^C'y\\G{u{s))\\co\\dxU{s) - DeUis)\\cods 

Jo 

<e“* / (fe - s)“i||C/(s)||ci+c* ds < £“*42 . (5.4) 

Jo 

Note, that for any function ip £ (3^(T) we have by Assumption [2l 


IA 


^{x)\ <- [ [ \dxPix + y)\dy\ii\idz) < ||v7||ci . 

^ Jr Jo 


Using this bound we obtain 


(5.5) 


lldallc^ < / ||5'i,_s||co^c^||(7(u(s))||co||A^^('S) - A^^£(s)||co (5.6) 

Jo 

rtE 


< ll-U -Vellcl 


d-a)/2,te 


j _7 a —1 1 + a —7 

/ {te- S) 2s 2 ds <te 2 llu-dellci 

do 


(l-a)/2.te 


where we have used boundedness of ||rt||^o . 
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To bound J 4 we note that 

||t/(s) - U,{s)\\ci < - nO)||ci + ||S, (X(0) - X,(0)) ||ci 

+ \\{Ss-S^f^) (u°-X,(0)) llci 
< (||u 0 - u%c + ||X( 0 ) - X,( 0 )||c^) 

+ (||uO||c«* + ||^.(0)||c-0 , (5.7) 

for any k > 0 sufficiently small. Here, in the last estimate we used Lemma IB^ 
with A = a* — N. Using this estimate and (15.51) we obtain 

||<.^4||cT' < [ ||*S'tj-s||cO-i,C^||G'(ii(s))||co||-De((^(s) ~ .C)£[/e(s)||cO ds 

Jo 

rts 

< its- s)~^ ||(7(s) - Ueis)\\cl ds 
Jo 

< t7^ (11^0 - ulWcc + ||X(0) - X,(0)||c«) + . (5.8) 

Exploiting continuous differentiability of the function G we get 


PsIlcT < [ 
Jo 


|5’4-s||cO-^C7||G'('w('S)) - GiUeis))\\co\\DsVeis) + DsUeis)\\co ds 


< 


_2 

/ (t^-s) 2 s 2 11 ^( 5 ) - Ue(s)||cO ds 

Jo 


(5.9) 


<U 


1 + q :»—y — K 


V-Ve\\c? +||-^-^£||cf + ||u° - U°||c« +c“* "" 

M J " t£ " 


where in the second line we have used a bound, similar to (15.71) . 


\\DMs)\\co < ||U,(s)||ci < s""^ . (5.10) 

Moreover, in the estimate (15.91 ) we have used the bound 

\\Uis) - UAs)\\co < ||u° - uO||co + ||X(0) - X,(0)||co + , (5.11) 

which is obtained in a way similar to (15.71) . 

Using Lemma IB^ the integral Jg can be bounded by 


lldellc^ < 



'S'lf-Jlco^C2||G'('W£('S))||co||^£^£:(s) + -D£t4('S)||co ds 


< 

r\j 



Q :*+7 —«)/2 q :* 

s) 2 s 


1 - k ,/2 

2 


ds 


(5.12) 


where we have used the bound (15.101) . 

Combining the bounds (15.31) - (15.121) we obtain the claimed estimate (15.11) . □ 


In the following proposition we provide a bound on the terms F’' and de¬ 
fined in (13.71) and (14.41) respectively. 
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Proposition 5.2. For any 7 £ (0,1] and k > 0 small enough the following bound 
holds 


i-i 


<te ^\\v-v,\\co +||X-X,|U +||n‘'-IX^||co+C' 




Proof. Using continuous differentiability of the function F, Lemma lB^ and recall¬ 
ing that u = V + X + U 'fit get 


-F^®(t£)||c7 < [ ||S'4_s||co^c^||F(u(s)) - F(u£(s))||co ds 

Jo 

+ [ Il'S'te-s — 'S'lj-sllco^c^ll-F(ne(s))||co ds 
Jo 

/■*® 7 1 /■*® 1 7 

< / ite-s) 2\\u{s)-Ue{s)\\cods + S2 ^ (F-s) i 2 ds 

Jo Jo 

< tl 2 \\v - VeWcO + 11^ - XeWco + - u°||co -|- . 

t£ t£ 

Here, we have used boundedness of IIUeIUo and the estimate (15.1 Ik □ 

ie 

The following lemma shows how the processes (14.161) behave in the supremum 
norm. In particular, it shows that they converge to 0 as soon as |m| > 2. 

Lemma 5.3. For any word w € Ap, the bound 

sup II {DeXAs; •), e^) ||co < , 

5G[0,£e] 


holds uniformly in e and t. 

Proof Since X£(s) is a rough path of regularity a*, we can use the third property 
in Definition 12. II to get 

|(UeXe(s;x),e^„)| < - / \{XAs]x,x + ez),eu,)\\F\{dz) 

£ JIR 


< pb|a*-l 


Here, we have used the assumption on the moments of |/r|. □ 

In the following proposition we obtain a bound on the term defined in 

(ILIQI) . 

Proposition 5.4. For any 7 e (0,1] we have the estimate ||Hg® ||(^7 < 

Proof We use Lemma lBJl to estimate the approximate heat semigroup, and Lemma 

[531 
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< V / (ie-sri-"||Z)"'G(ne(s))||co|K25,X,(s;-),e^®ei)||cods 
Jo 


wGAp-i 

\ w \>2 


I 





bl>2 


for K > 0 small enough. This is the claimed bound. 


□ 


6 Convergence of the correction term 

In this section we show that the term H"®, defined in (14.201) . converges to the cor¬ 
rection term H’' from (13.71) . In view of Remark|T2j we only consider time intervals 
up to the stopping time qk,£, by using the notation (14.221) . 

To shorten the notation we define '^eit) fo be the projection of the rough path 
Xe(t) to the second level of the tensor algebra. The following lemma is similar to 
IIHMW141 Proposition 4.1], but the bound is in a Holder norm rather than a Sobolev 


norm. 


Lemma 6.1. For any 7 £ (0, ^), any f > 0 and any k > 0 small enough we have 


E sup \\DMs, •) - Aldllc-. < • 


sG[0,t] 


Proof. The proof is almost identical to that of HHMW 141 Proposition 4.1], but 
we use Lemma |A3] to reduce oneself to moment bounds on the Paley-Littlewood 


blocks of instead of using pointwise bounds. 


□ 


A bound on and H"®, defined in (13.71) and (14.201) respectively, is given in the 
next proposition. 

Proposition 6.2. For any 7 £ (0, 1] and any At > 0 sufficiently small we have 



where T > 0 A as in the definition of the stopping times above (14.221) and the 
constant ot.^ is defined in the beginning of Section \4.3\ 

Proof Let us define the functions fF{u)i = A AiyGfu) and 



wGA 


where as usual the sum over j is omitted. Then we can write 
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+ J St,-s{j^{u) - Hue)^is)ds + J (^St,-s - Slf_^'jTs{Ue){s)ds 

= : Ji + J2 + J3 ■ 

To bound Ji we note that we can rewrite 

(J^iUe) - Fe{Ue))i (s, x) = '^ D'^Gij{Ue{s, x)) (AS^j - (D^Xe(s, x), 6 ^ (g) Cj}) 

weA 


Therefore, applying Lemma I bTT] with 77 G (0, a*) and Lemma lA^ we obtain 

-sllc-’J-J-CT II (-^(Ue) - J^eiUe)) (s)||c-’J ds 

Jo 


< 


v+y 


sup \\DeXs{s,-) - Ald\\c-r,\\DG{Ue)\\c^* (te - s) 2 ds . 


sG[0,te] ^ Jo 

That gives us, using the boundedness of ||ue|Uc.* and Lemma IhTTl 

ie 

Ell^illc- 

A bound on J 2 follows from Lemma IbTTI and regularity of G, 


(6.1) 


ll'^2||c-7 < [ 
Jo 

L 


{te - s) 2II J’CuCs)) - J’(M£(s))||cO ds 


. 'y I 


</ (te-s) 2 ||?i(s) - ii^(s)||^o ds 

lo 

. 1 -? 


(6.2) 


<te ^||u —Uell^jO +||X —Xell^o + ||u^ — UgH^o + £' 


.Q:* — 


Here, we have used the representation of u via v and the bound (15.1 II) . 
Lor the third term we use Lemma IB^ with X = J — k, 

\\J3\\c7 <e-2-Hl-'^^^^-^\\Te{ue)\\c? < 


(6.3) 


where we have used boundedness of the second-order iterated integral and 
||tie||c“ . Combining the estimates (16.11) . (16.21) and (16.31) we obtain the claimed 


bound. 


□ 


7 Estimates on rough terms 

In this section we obtain bounds on the terms involving rough integrals. As usual, 
we will use the notation (14.221) . which in view of Remark |4~^ means that all the 
quantities involved in the definition of qk,s are bounded. Lurthermore, let us define 
the quantity 


dJeits) ■— \\X — Xgllj^p + |||X — + llu — Ve\\c7 

te *'« 

+ ||u-U£|Ui + ||ri° - u°||c“ , 


(7.1) 
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where the norm ||| • \a,te was introduced in (I4.21I) . 

The next lemma provides bounds on the rough integrals Z and defined in 
(13.51) and (14.171) respectively. 

Lemma 7.1, For f > 0 we have the following results 

, (7.2) 

ziF) - z,{F) = m,) + m,) , (7.3) 

where, for k > 0 small enough, the bounds 

ct — 1 _ a-jr 

\\Tl{te)\\c^ < te ^ [V.ite) + , ||r2(f,)||c«* < ^ , 

hold with defined in (EB- 

Proof Since u{s) — X{s) G C^, for s ^ the process T)j(5) — 
is controlled by the a*-regular rough path X(s) with the rough path derivative 
ylj{s) = DGij{u{s)) and the remainder 

RYij{s;x,y) = DGij{u{s,x)) {v{s;x,y) + C/(s;x,y)) 

+ / {DGijiXu{s,y) + {l - X)u{s,x)) - DGij{u{s,x)))u{s;x,y)dX , 

Jo 

where we use the notation v{s; x, y) = i;(s, y) — v(s, y) and respectively for U and 
u. Here, by the rough path derivative we mean the projection of the controlled 
rough path on (M"^)* in Definition 12.21 and the remainder is a collection of all the 
processes Ry from (12.41) . 

From the regularity assumptions for the function G and the processes u and v, 
we obtain the bounds 

||^U'('S)||c“* ^ 1 ) ll^/j('S)||c“* ^ 1 ) \\RYij{s)\\B2a^ < s 2 . (7.4) 

The power of s in the last estimate comes from the bound ||(7(s)||2o* < s 2 , 
which is a consequence of Lemma I bTT] The estimate (17.21) follows from (12.81) and 
dH. 

Similarly, for s < t^, the process Y^^ijis) = Gij(Us(s)) is controlled by the 
a*-regular rough path X£(s) with the rough path derivative Y^^j(s) = DGij{Ue{s)) 
and the remainder Ry^ that the following bounds hold 

||^e,u('®)llc“* Y 1 ) ll^e,U-('S)||c“* ^ 1 j ll-^’)4,ij('S)||B2a* < S 2 . (7.5) 

To prove the bound (17.31) . we consider the processes u(s) and Ue(s) to be of 
Holder regularity a. Then they are controlled by the a-regular rough paths X(s) 
and X£(s) respectively. Hence, we can extend Gij{u{s)) to the process Qij{s) : 
T (r^P“^'(M”))* which is controlled by X(s) as well and such that 

{Qij{s,x),ew) = D'^Gij{u{s,x)) , 
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for w G Ap-i- Then, as it was noticed in Subsection 14.21 for every w G Ap-i the 
following expansion holds 

{Gijis, y), Cnj) {Gij{,S, x}, 

= ^ Cu,{Gij{s,x),eu,®eyj){Xis;x,y),eijj)+Rg..{s;x,y). 

\0 

For any word w G Ap-i, the assumptions on G and u imply ||(0jj(s), e^)||c“ < 1- 
Furthermore, from the argument of Subsection 14.21 it is not difficult to obtain the 

q;-^ — 1 

estimate on the remainder: ^ ■ The latter bound follows 

from |tt(s; x, ?/)^| < |y — for any word w such that |u)| = p — |m|, and 

|fZ(s; X, y)u, - Xis; x, y)^l < |i2(s; x, y) - X{s] x, y)\ 

<\y-x\ (||i;(s)||ci + llt^('S)llci) ^ |y - (l + , 

for any word w G .Ap_fo|_i \ {0}. Here, in the last line we have used the bound 

r(s)llci <5"^ (||n°||c^* + ||X(0)|bO > 

which follows from Femma lBTl 

In the same way the process Gij{Ue{s)) can be extended to Gfjis) : T —)• 
(T{P-^)(M”))* which is controlled by X£(s). We denote the remainders by . 
Furthermore, the corresponding bounds hold 

\\{G!j{s),eyj)\\co^ < 1 , (s)|Ib(p-|-|)c. < , 

for any word w G ^p-i. 

The following estimate follows from the regularity of the function G, 

WiGijis) - G!jis),ey,)\\c<^ < ||n(s) - 'U£(s)||c- (7.6) 

< ||X(s) - XAs)\\c°‘ + ||il(s) - w('S)||c“ + ||'w° - 

where w G ,Ap_i. Furthermore, the following bound holds 

|ii(s; X, y)w - uAs] x, y)n,\ <\y- x|^“l”'l^"||n(s) - W£;(s)||c“ , 

for a word w such that |u)| = p — Itfl, and for any word w G ^p_fo|_i \ {0} one 
has 


|ii(s; X, y)u, - X{s; x, y)-uj - uAs] x, y)u, + X^s; x, y)u,\ 

< \u{s-, X, y) - X(s; x, y) - Ue{s; x, y) + X^s] x, y)\ 

< ly - x| (||x(s) - Xe(s)||ci + \\U{s) - UAs)\\ci) 

< \y - x\s^ (\\v - VeWcl + ||X(s)-X£(s)||c« 

\ (1-Q!)/2,s 








Estimates on rough terms 


27 




)• 


Here, in the last line we have used the bound 


\ms) - U,{s)\\ci < ||5,(X(0) - X,(0) -u^ + u^)||ci 

+ 11(5, - )(X,(0) - 4)\\ci 


< 


(||X(0) - X,(0)||c^ + ||u° - , 


for any k > 0 sufficiently small, which follows from Lemmas IB . 1 1 and Ir! 21 From 
these bounds and Subsection l4.2l we obtain 


I ILiO o.Oll I ^CK*—CK—K 

+ \\u — u \\c^ e * 


)• 


In order to prove (17.31) . we define 


Qlite 


■,x,y) := f 

J X 


— T Gij{u^{t^, z)) z) Gij{u^{t^, x))X^(t£‘, X, y) 

J X 

'y , G) Gij{u£{t£, x}}{'S.^{t£] X, y), e-iu'S i 6j) , 
wGA 

Ti i^e'i X, y}'.= y ^ G^{Qj^j{t£, x}, e-ui,)X, y}, S Gj) , 

w£Ap-i 

\w\>2 

where we have omitfed as usual the sum over j. From (12.71) . (17.51) and Definition 
12.ll we obtain 


2 


IIQf(^e)|lB3“* ^ , \\Ti{t£)\\!33a^, <1 . 

Next, we can rewrite Z* — Z* in the following way 


(7.8) 


Z\ts,x) - Zlite,x) 


Gi{u(t£,y}} dyX(t£,y} -j- Giiu^iteiyy) dyX^itsiy) 


TT+eZ 


+ 


+ 


ez — TT — y 


1 
IJ- 

fl 

JrJx ^ 

f r Qiit£-,y,y + ez) 
Jr J-n £ 


/ 


Giiueite, y)) dyXe{te,y) n{dz) 


' —TT 

rx-\-£z 


y — ez — X 


Gi{Ue{te,y)) dyXsite, y) ^(dz) 
dy fi{dz) 


+ 


Ti{te;y,y + ez) 


dy^i{dz)=\ ^ Ijit£,x). 
i<i<5 


Here, we have used the Fubini-type result proved in IIHW131 Lemma 2.10]. 
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To bound Ii we apply (12.91) and use the bounds (17.61) . (17.71) . 

||/l(t.)||c- < i'Deite) + , 

where is defined in (17.11) . It follows from (17.81) that 


In the same way from the second bound in (17.81) we derive 

7r 

To bound the integral I 3 let us define Ux,z,ei'te-,y) ■= sy — £z — x) and 
the rough path sits’, y, V) '■= £y — £z — x, £y — £z — x). Then we can 
perform the change of variables y = {y — ez — x) /£ in the integral and obtain 

~ [ ^x,z,sits,y}dyXx,z,sits,y) yidz}, 

J'rJ—z 

where Xx,z,sits, v) - Xx,z,s(ts, v) is the projection of Xx,z,sits’,y, y) onto M'' and 


Xx,z,sits,y) ■ — yGiiux,z,sits,y)) ■ 

Taking into account the a priori bounds on u^, we obtain from IIHailll Lemma 2.2] 
that Yx^z,sits) is controlled by Xx^z,sits) with the rough path derivative 

d^x,z,sits,y} •“ yd)G-i{ux^z,sits, y}) 


and the remainder Ry^ ^ ^(te) such that 

||^,z,e(f£)||c“* ^ 1 ) ll^,^,£(i'£)||c“* ^ 1 ) II^Tc,2.e(i'£)||B2a* < te 


a* 

2 


Hence, the following bound follows from Proposition 12.31 and the simple estimate 

||^3(i£)||c“* < / / Yx,Z,sits, y)dyXx,z,sits, y) fJ^idz) 

Js. J- C°‘* 

f |||X2;,^,e(f£)|||Q;^ (||^,2,£(t£)||c“* + II^,2:,£(^£)||C“* 

7r 

+ pT7,,,e(i£)||H2“*) Izl^"* nidz) < £°‘*te 


< 

rsj 


£LL 

2 


Here we have also used the bound on the a*th moment of the measure y. Similarly, 

a* 

we can obtain the bound ||72(f£)||c“* ^ e“*t£ ^ ■ 

Now we set Ti = R and 72 = /2 + Is + /4 + I 5 and obtain the claim. □ 
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In the following proposition we prove a bound on and defined in (13.71) 
and (14.191) respectively. 

Proposition 7.2. For 7 G (0,1] and k > 0 small enough we have the estimate 

\\Z\F) - Zf{te)\\e^ < (Pe(ie) + , 

where is defined in (EB- 

Proof. We can rewrite ZF — Z^® in the following way 

z\F) - Z^®(f,) = r d^iSt^.s - SlllfiZis) ds + r d,Sill,iZ{s) - Zfis)) ds 
Jo Jo 

=: Ji + J2 . 


By (17.21) and Lemma IB^ with A = a* — a — we obtain for any n > 0 small 
enough 

ii^iiic. < r \\st,-s - 11-^(5)110“* ds 

Jo 

^ Jo 

The second term can be estimated using Lemma |R3] and (17.31) by 


II'-^2||C'T' ^ 




rU 

/ IIS,';’- 

7o 


' 1 -sIIc“*^ci+ 7 || 72 (s)||c“* ds 


^ {te-s) 2 

Jo 


- 5 ( 1 + 7 -“+^:),“ ^ 


s— {Ve{s) + ds 

[ {te - ds 

Jo 


+ s' 

o-i(7+K) 




ot*—a—K, 


Combining (17.91 ) and (17.101) we obtain the claimed bound. 


(7.10) 

□ 


8 Convergence of the solutions of the approximate equations 

With the results from the previous sections at hand, we can prove Theorem 1 1.1 1 

Proof of Theorem [77/] For a > 0 as in the beginning of this section we define 
p = [1/aJ. From fhe derivation of fhe bounds below we will see how small fhe 
value of a musf be. To make fhe nofafion shorter, we introduce the following norm 


\a,t • — 


Icf + 


I 
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Then, using the notation (14.221) . we obtain from (13.61) and (14.181) the bound 


W — V, 




G v r'Vs \ \ 

— \\a,te 


+ 




f^e I 


+ IIH*' 




I rjV ' 7 '^- 

a,te “T 11-^ “ ^e~ lla,te 


(8.1) 


We consider only time periods f < 1, for larger times the claim can easily be 
obtained by iteration. To find a bound on the first term in (18.11) we use the results 
of Section |5l Applying Proposition 15.11 with a small constant k = a we get 


G v r' '“s 11 

- Ltj \\a,te ^ 


< ti ||t> - V, 


e\\a,t. 


+ 11^ - 


ellCf 


+ ||n°-U°||c- +£“*■“ 


(8.2) 


In order to bound the second term in (18.11) . we use Proposition I5.2l with k = a, 


ipj; _ pj;e| 


< tr 


\v — n^ll^o T 11 A" — A^ll^o 


+ ||tt — u^Wco + £° 


(8.3) 


Applying Proposition 16.21 with the parameter k = a, we bound the expectation 
of the third term in (18.11) by 


E||H^ 


H?| 


a,te 


<T^E\\v-v,\\co +E||A-A,|U 


+E||rt° — u^Wco + 


(8.4) 


where T > 0 is as above (14.221) . 

A bound on the fourth term in (18.11) is a straightforward application of Proposi¬ 
tion [531 


|H 


Ve I 


ce 




(8.5) 


Using Proposition 17.21 with the small parameter k = a/2 we can bound the last 
term in (lO) by 


l|Z" - < tiV.it,) + ^ 

where is defined in (17.11) . 

Combining the bounds (I8.1I) - (I8.6I) together we obtain 

E||i; - Ve\\a,t, < T^E\\v - Ve\\a,t, + - U°||c« + E||A - XeWc 


(8.6) 


+E|X-X,iU. +£2 


4—30 


(8.7) 


where we have used a* = ^ — a. By Lemma |4~T] we can bound the norms of the 
controlling processes, 


E||A-A,||c,o +E|||X-X,||U,t, <£5 


4-2o 
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Furthermore, by choosing T in (14.221) small enough we can absorb the first term on 
the right-hand side of (18.71) into the left-hand side and obtain 

IE||n - Ve\\a,u < C (e||uO - . (8.8) 

From the definition of u via v and (18.81) we conclude 


E||u —Uelica <E||i; —Vgllca +^\\X — X^\\c9 + E||C/— C/ejlcf 

Ce Eg Eg 

< (7E||u°-u°||c- . 

Here, we have also used Lemma |4~T] and the bound 

\\U{t) - C/,(f)||c« < ||u° - u%c + ||X(0) - X,(0)||c« 

-|-(ll'u^llga*-|-||Xe(0)||ca*) , 

which can be derived similarly to (15.71) . The rest of the proof is almost identical to 
the proof of BHMW 141 Theorem 1.5]. □ 


Appendix A Regularity of distribution-valued processes 

In this section we introduce the Besov spaces and give a Kolmogorov-like criterion 
for distribution-valued processes to belong to these spaces. 

Any distribution ?/) defined on the circle T can be written as the Fourier series 


V 27r — 




For n > 1 we define the reth Paley-Littlewood block of ?/) as 


dn'ipix) := , 


and by definition = i/^(0)/\/^. 

Definition A.l. For any a G M, the Besov space ooC^) consists of those distri¬ 
butions on T, for which the norm 


UhSooo ■= sup2"”||(5„i/>||co 

’ n>0 

is finite. We denote C"(T) = oo(T) for a < 0. 

For a G (0,1) the Besov space cxdC^) coincides with the Holder space 
C"(T). The proof of this fact and more information on the Besov spaces can be 
found in BBCDllL 
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For n > 1 we define the Dirichlet kernel 



and Dq = 1. 

The following Lemma provides a bound on the Dirichlet kernel Dn in 17 
spaces. 

Lemma A.2. For every 1 < p < oo there is a constant C = C{p) such that 


DnWLPiT) < C2F 


holds for every n > 0, where p' is the conjugate exponent of p. 

Proof In the case p = oo, the function can be bounded by its value at 0, which 
gives \Dnix)\ < 2”+^. If 1 < p < oo, then we can rewrite 



The latter integral is bounded by a constant C(p), since the integrand can be esti¬ 
mated up to a constant multiplier by 1A | x | That gives the claimed estimate. □ 

Now, we provide a Kolmogorov-like criterion for distribution-valued processes. 

Lemma A.3. Let f be a random field on [0, T] x T, such that for every t £ [0, T], 
ip^t) is a distribution taking values in a fixed Wiener chaos. Furthermore, let us 
assume that for every n > 0 the nth Paley-Littlewood block satisfies 


E \\6niJit,x) - Sni’is,x)f] < , 


for every x G T, and t,s G [0, T], and some constants A,B > Q, 5 > Q and a <1, 
a 7^ 0. Then, for any 7 < a, 7 7^ 0, there is a constant C = (7(0;, 7) such that 


^IIV’llcJ — C{A + B)'^ . 


(A.l) 


Proof We can notice that 5n'4>{t, x) = Dn * Snipit, x), where the convolution is 
taken over the variable x G T. Therefore, the Holder inequality yields 




(A.2) 
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for any p > 1, where as usual p' is the exponent conjugate of p. Since Tp{t) belongs 
to a fixed Wiener chaos, the same is true for the Paley-Littlewood block Sn'i’it), 
and we can apply Nelson’s lemma to it IINel73ll . saying that all moments of dnipii) 
are bounded up to a constant multiplier by its second moment. Therefore, 


nKmwUi) ^ dx < (^ 2 - 2 -“) ^ , (a.3) 

where the proportionality constant depends on p. Combining the bounds (IA.2I) . 
(IA.3I) together with Lemma lA^ and Jensen’s inequality, we derive 


nKmwl 


Since for 7 < 1, 7 / 
obtain 


^ \\Dn\\\pi 

< iiUniii7(T) {mnmrrnY ^ ■ 

0, the space coincides with the Besov space B2o,oo, we 


E||V^(f)||^, =E[sup22-T'p„V^(t)||2j <^22-'>E||<5„V'(f)||2o 


'-n>0 


n>0 

<CA'^2 

n>0 


2 n(-y+^-a) 


which is finite if 7 < a — Finally, we can notice that for any 7 < a, we can 
choose p' > 1 large enough such that 7 < a — 2 ^, so that 


E||i/>(f)||c7 < C{a,-f)A , 


(A.4) 


for every 7 < a. Repeating the same argument for dntpit) — dni^is), we derive 

E||V^(f) - '4){s)\\c-t < C'(a, 7 )S|t - s|^ . (A.5) 

Since belongs to a fixed Wiener chaos. Nelson’s lemma IINel73ll yields 
equivalence of momenfs for ||i/^(f)||c 7 and Wipit) — V'(s)||c'>! and we can finish fhe 
proof by applying fhe Banach space-valued version of fhe Kolmogorov confinuify 
criferion HHMW 141 Lem. B.3], which gives fhe esfimafe (lA. Ill from (IA.4I) and (IA.5I) . 

□ 


The following Lemma provides a bound on fhe producf of fwo disfribufions 
from certain Holder spaces. 

Lemma A.4. Let (p e C" and ijj G C^, where jd < Q < a < 1 with a -|- /3 > 0. 
Then there is a constant C = C{a, (3) such that 

\\tM\cp < C\\t\\c<-\\'4^\\cp ■ 


The proof of fhis resulf can be found in BBCDlll Theorem 2.85]. 























34 


Regularity properties of the semigroups 


Appendix B Regularity properties of the semigroups 

In this appendix we list some properties of the heat semigroup St = defined as 
a convolution on the circle T with the heat kernel (13.31) . and the approximate heat 
semigroup , which is defined as a convolufion wifh fhe approximafe 

heaf kernel (14.21) . 

The following Lemma provides fhe regularising properly of fhe heal semigroup 
St in fhe Holder spaces. 

Q. — 0 

Lemma B.l. Let a < f3 > 0, then for t > 0 one has 

For a < 0 and inleger /?, one can easily show Ihis bound by fhe definilion of 
fhe Holder spaces. For non-inleger /3 fhe bound follows by inleipolalion. A proof 
of fhe Lemma for a > 0 and /3 < a + 1 can be found in IIGIP121 Lemma 47]. For 
larger values of /3, fhe esfimale can be shown by using fhe semigroup properly of 

St. 

The following resulls provide fhe regularizing properties of fhe approximafe 
semigroup S^, defined in fhe beginning of Section |4] All fhe missing proofs can 
be found in HHMW 141 Section 6 ]. We assume lhal Assumption [J holds in order fo 
derive Ihese bounds. Firsl, we give a bound on fhe difference belween St and S^^^K 

Lemma B.2. Let A £ [0,1] and a < 7 + A. Then for k > 0 sufficiently small and 
t>0one has ||St - < t- 5 (T-«+A+«)eA_ 

The following resull is analogous fo fhe regularisalion properly of fhe heal semi¬ 
group. 

Lemma B.3. For any 7,7 > 0, any t > 0 and any k > 0 sufficiently small one 
has sup£g(o,i) 
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